Abstract-With recent developments in spintronics, it is now possible to envision "spin-driven" devices with magnets and interconnects that require a new class of transport models using generalized Fermi functions and currents, each with four components: one for charge and three for spin. The corresponding impedance elements are not pure numbers but 4 × 4 matrices. Starting from the Non-Equilibrium Green's Function formalism in the elastic, phase-coherent transport regime, we develop spin generalized Landauer-Büttiker formulas involving such 4 × 4 conductances, for multi-terminal devices in the presence of normal-metal leads. In addition to usual "terminal" conductances describing currents at the contacts, we provide "spin-transfer torque" conductances describing the spin currents absorbed by ferromagnetic regions inside the conductor, specifying both of these currents in terms of Fermi functions at the terminals. We derive universal sum rules and reciprocity relations that would be obeyed by such matrix conductances. Finally, we apply our formulation to two example Hamiltonians describing the Rashba and the Hanle effect in two-dimensional. Our results allow the use of pure quantum transport models as building blocks in constructing circuit models for complex spintronic and nano-magnetic structures and devices for simulation in SPICE-like simulators.
I. INTRODUCTION
T HE emergent field of spintronics has grown at a rapid rate over past three decades, starting from low temperature experiments in metallic magnetic structures to commercialized memory chips that are considered as the future of embedded and consumer markets [1] . The field keeps forging ahead with developments of novel materials and phenomena driven primarily by advances in abilities to manipulate materials at the nanoscale.
To enable analysis and modeling of such diverse materials and phenomena, modular, circuit techniques generalized to S. Ganguly is with the Department of Electrical and Computer Engineering, University of Virginia, Charlottesville, VA 22904 USA (e-mail:, sganguly@ virginia.edu).
D. Datta is with the GLOBALFOUNDRIES, Bangalore 560045, India (e-mail:,ddatta@purdue.edu).
This paper has supplementary downloadable material available at http:// ieeexplore.ieee.org, provided by the authors.
Digital Object Identifier 10.1109/TNANO.2018.2889443 account for spin-currents have been proposed [2] - [7] . Such "spin-circuits" explicitly account for the transport of spincurrents through channels and interfaces allowing the combination of a diverse range of materials to analyze new functional devices and experimental structures.
In this paper we show how phase-coherent materials and devices can be systematically expressed to be included within the existing spin-circuit framework starting from the NonEquilibrium Green's Function (NEGF) formalism [8] , a widely used method for quantum transport. The objective of this work is to demonstrate how a fully phase-coherent channel can be recast as an electrical circuit and combined with spin-circuits that are obtained from different theoretical methods, such as spin-diffusion equations.
A. Development of Spin-Circuits: A Brief Overview
Development of multi-component spin-circuits can be traced back to the successful application of the 2-Current Model [9] for the analysis of the Current-Perpendicular-to-Plane Giant Magneto-Resistance (CPP GMR) devices in the collinear configuration in which the two contact magnets are either parallel or anti-parallel to each other. This approach was later extended into a 4-Current theory to treat non-collinear spin-currents derived from the quantum mechanical density matrices to relate charge and spin currents to their respective electrochemical potentials [2] , [3] . Subsequently, the 4-current theory was expressed in terms of a general class of 4-component circuits that can be seamlessly integrated to SPICE-like circuit analysis tools [4] , [6] . Additionally, spin-transport equations were integrated with magnetization dynamics using the stochastic Landau-LifshitzGilbert Equation to incorporate time dependent effects to be solved self-consistently with underlying transport equations. This approach was shown to be amenable for SPICE-like circuit analysis [5] and further extended and compounded in Ref. [7] along with an accompanying open source library and example circuit models built using the library which are available from the project's portal [10] . With recent developments such as the discovery of the Giant Spin Hall Effect (GSHE) [11] , [12] and with the advent of Topological Insulators [13] , the list of such SPICE-compatible spin-circuit modules were extended to include these phenomena [14] , [15] and shown to successfully model complex spintronic devices involving many different modules [7] , [10] . The circuit nature of these modules allowed their seamless integration even though different modules were derived from different theoretical methods, such as Fig. 1 . Schematic of a multi-terminal conductor described by an arbitrary Hamiltonian that could include spin-orbit coupling and/or time-reversal asymmetry. Each terminal is a Normal Metal (NM) channel that allows proper definitions of both charge and spin potentials and currents, described by a fourcomponent quantity. The (4 × 1) terminal current is related to the (4 × 1) occupation function by a (4 × 4) terminal conductance matrix, Eq. (2), and to the (4 × 1) spin-transfer-torque current by the spin-transfer-torque conductance matrix, as shown in Eq. (3).
spin-diffusion equations for GSHE, quantum transport methods for interfaces between ferromagnets and normal metals.
This modular, circuit-based approach has been extended to include new physics such as different types of voltage control of magnetic anisotropy [16] , [17] and has been used for analyzing emerging spintronic devices [18] or the evaluation of novel computation schemes based on the stochastic behavior of lowbarrier nanomagnets [19] .
B. Main Motivation
In this paper we present a systematic formalism to incorporate materials that require a quantum mechanical treatment into the framework of what we call the "modular approach" [7] , that allows device models built using these materials to be analyzed using standard circuit simulators like SPICE. In addition to the general results, we provide two illustrative examples of spincircuits that are obtained for two well-known Hamiltonians, one describing a Rashba channel and another describing a Hanle channel both treated in 2D. The main motivation of this paper is to separate the quantum mechanically coherent regions of heterogeneous devices from regions where a classical Boltzmann or diffusion equation approach is sufficient, but at the same time expressing the coherent regions in terms of generalized conductances that can be combined with the rest of these classical 4-component circuits. This approach could simplify the analysis of complex structures where a full quantum treatment might be intractable and unnecessary.
C. Coherent Currents: Formal Definition
The Landauer-Büttiker equation [20] relates the terminal currents I m to the terminal Fermi functions f n (Fig. (1) )
or to the electrochemical potentials μ n for linear response
These equations have been widely used to describe phasecoherent and elastic transport in conductors and in view of recent developments in the field of spintronics [12] , [21] , [22] , it is natural to ask whether Eq. (1) can be extended to describe spin currents and spin potentials in phase-coherent conductors.
This can be done by defining (4 × 1) currents I m , Fermi functions f m (E) and potentials μ m , each having one charge component and three spin components which are related by 4 × 4 conductance matrices G m n leading to Landauer-Büttiker style expressions of the form:
In addition to the "terminal" conductance matrix defined by Eq. (2), we also need "spin-transfer-torque" conductances that relate the terminal potentials to the internal currents absorbed within specified surfaces inside the conductor:
Typically these could be the difference between interface and terminal currents (Fig. (1) , I
int m and I m respectively) representing the spin current absorbed by the Ferromagnet (FM). This spin-torque current is required as the input to a separate LandauLifshitz-Gilbert (LLG) equation which we will not be addressing in this paper, and can be found in the ref. [7] .
The main objective of this paper is to provide NonEquilibrium Green's Function (NEGF)-based expressions for both the terminal and the spin-transfer-torque conductances of Eq. (2) and Eq. (3). In Section (II), we summarize the state-ofthe-art standard NEGF formulation [23] - [34] which provides a benchmark for all our results. Next, we obtain our central results (Section (III)) namely, Eq. (10) for terminal conductances and Eq. (12) for spin-transfer-torque conductances.
In Section IV and V, we show that Eq. (10) and Eq. (12) automatically satisfy various sum rules and reciprocity relations ensuring charge current conservation, absence of terminal spin currents in equilibrium, and the spin-generalization of Onsager's reciprocity relations, which are all fundamental checks for a theoretically sound transport formalism.
In Section VI we provide a generic 4-component circuit representation that can be used to implement terminal and spin-transfer-torque conductances in SPICE-like simulators. Although the circuit components we show are based on our NEGFbased expressions, the 4-component circuit we provide can be used with different 4 × 4 conductances derived from other microscopic theories, such as Scattering Theory.
Finally in Section VII we show how 4-component spincircuits can be obtained directly from starting model Hamiltonians, choosing two examples, namely the Rashba Effect and the Hanle Effect that have both been observed in various experiments [35] - [37] and utilized in spin-logic proposals [38] .
We also note that the expressions we provide for these conductances are model-independent and could be used in conjunction with any microscopic Hamiltonian, first principles, tightbinding or otherwise, that we may choose to use to describe the conductor.
The results presented here can be used in conjunction with existing building blocks in spintronics [7] , bridging models from quantum transport to semi-classical models permitting the analysis of devices that would be too large for a direct quantum transport modeling without losing essential spin physics.
II. NEGF FORMALISM
Our starting point for the conductances shown in Eq. (2-3) is based on the NEGF(Chapter 8 in [8] and Chapter 19 in [39] ) formalism. The main inputs to NEGF are the self-energy functions (Σ) that describe the coupling of the channel to the external contacts, and the Hamiltonian describing the channel itself (H). The two central quantities of interest in NEGF, the retarded Green's function (G R ) and the electron correlation matrix (G n ) are given in terms of these inputs:
where Σ is the sum of all self-energy matrices, H is the device Hamiltonian, I is the 2N × 2N identity matrix, N being the lattice points of the conductor, E is energy and G A is the advanced Green's function, the Hermitian conjugate of the retarded Green's function:
is the total 'inscattering' of electrons that includes the electron injection from the contacts. We are following the notation used in [8] , [39] with G n ≡ −iG < and Σ in = −iΣ < . Once the Green's function (Eq. (4a)) and the electron correlation matrix (Eq. (4b)) are known, the net flux of spins entering into the conductor volume (Ω) can be expressed by tracing the NEGF current operator with Pauli spin matrices [8] , [39] :
where Σ and Σ in represent the total self-energy and total inscattering matrices, summed over all contacts and S α , an "expanded" Pauli spin matrix such that S α = I ⊗ σ α , I being the N × N identity matrix (N : number of lattice points) and σ α is the 2 × 2 Pauli spin matrix for a spin direction α, and I 2×2 for charge.
Eq. (5) is widely used in the literature to calculate currents through conventional spin-torque devices, such as MTJs [23] - [32] , and through sophisticated spin-devices [33] , [34] for both terminal spin currents, and for internal spin currents involving spin-transfer-torque calculations. Therefore, the main benchmark for our results (Eq. (10)-Eq. (12)) has been to make extensive numerical comparisons with Eq. (5), using random Hamiltonians representing arbitrary spin channels to ensure the validity of our expressions presented in the next section.
III. DERIVATION OF CENTRAL RESULTS
NEGF matrices defined in Eq. (4) can be specified as a Kronecker product of a real space matrix (of size N × N) and a spin space component (of size 2 × 2). For example, the "broadening matrix" due to non-magnetic contact m can be written as:
where γ m is the N × N real space component of the full broadening matrix, and it is the anti-Hermitian part of the self-energy matrix Σ m . When the contacts are driven out of equilibrium by external sources, the inscattering function has to be modified through its spin component:
is the 2 × 2 matrix specifying the occupation probabilities of spin and charge components at a given contact which reduces to f c I for ordinary charge-driven transport.
Next, we observe that the current operator of Eq. (5) is zero at steady state since it represents a) the sum of all the inflow through the contact boundaries and b) the "recombination/generation (R/G)" currents within the conductor volume. The R/G currents are ordinarily zero for charge currents, however, may exist for spin-currents due to magnetic fields or spinorbit coupling within the conductor.
In Supplementary Information, we show that the total influx for a given spin direction α (Eq. (5)) can be mathematically decomposed into these two distinct components, the first being the spin-current injected by contact m:
And the second component being the generation of spin currents within the conductor volume: Eq. (6a) in Eq. (7) the conductances can be expressed as:
which is the central result for terminal conductances defined in Eq. (2). Eq. 10 also seems consistent with a scattering matrix approach outlined in [40] (See Eq. (65) in [40] ).
Spin-transfer-torque Conductances:
The spin-transfertorque absorbed by the FM regions inside the channel are quantified by the negative "generation" rate within these volumes:
where H m F M is the 2n × 2n Hamiltonian matrix of the ferromagnetic layer (for a magnet with n physical points), embedded 
stt defined in Eq. (3). We also note that Eq. (12) is general and can be used within any closed surface within the device, such as magnets that are situated in the middle of the device as well as those situated by the contacts.
Reducing to the Charge Limit: The standard result [41] for pure charge conductance is a subset of the terminal conductance matrix shown in Eq. (10), and can simply be obtained by using I in place of S α and S β :
where we have made use of the NEGF identity
A being the 'spectral density' matrix per unit energy.
IV. SUM RULES
In this section, starting from Eq. (10 and 12) we show universal sum rules that the proposed conductance expressions analytically satisfy. We start with the general multi-terminal conductance matrix relating currents and occupation functions at different terminals:
where each entry in the conductance matrix is a P × P matrix while the currents I c,s and occupation functions f c,s are P × 1 column vectors, P being the number of terminals in the conductor; so that the submatrix G cc can be identified as the conductance matrix describing the coherent charge currents.
Charge Conservation (Terminal): Regardless of how charge currents are generated through G cc or G cs , charge conservation requires them to add up to zero at steady state, in both linear response and high-bias regimes. Linear response is characterized by low input voltages, (μ i − μ j )/kT 1, where μ i is the electrochemical potential of contact i that determines f i , while high-bias is characterized by high input voltages (μ i − μ j )/kT 1. Charge conservation requires:
We show in the appendix that both these equations are analytically satisfied by the conductance matrices of Eq. (10).
Equilibrium Currents (Terminal):
In equilibrium, there are no spin accumulations in the contacts since they are assumed to be non-magnetic, making all occupation functions have the form: f eq = f 0 0 0 0 T at a given energy. We then show (Supplementary Information):
where α = c ensures no net charge current flows through the terminals in equilibrium, whereas α = s ensures the same for spin currents. The latter, once a debated result (See [42] and references therein) was established from Scattering Theory in the context of spin-orbit coupling for devices with non-magnetic leads. In Supplementary Information we prove this result analytically starting from Eq. (10) and observe that having magnets or magnetic fields (in addition to any spin-orbit interaction) inside the conductor does not change this basic conclusion. We also note that there are no general sum rules for the spin to spin conductances [ G m n ] ss . Charge Conservation (Spin-transfer-torque): Since no charge currents can be generated or absorbed within the FM regions, the generation term S G becomes identically zero (by choosing S α = I in Eq. (12)) requiring:
for all (m, n). Finally, under equilibrium conditions, the spin-torque applied to the ferromagnetic layer does not necessarily vanish, unlike terminal equilibrium currents, suggesting interesting practical possibilities due to spin currents exerting spin-torque under zero bias conditions.
V. RECIPROCITY
In this section, starting from time-reversibility conditions for Green's functions we show that the terminal conductances (Eq. (10)) satisfy the spin-generalization of Onsager's reciprocity in linear response conditions (a result discussed in detail in [43] ):
n α +n β (17) where the exponents n α and n β are 0 for charge and 1 for spin indices, respectively. Physically, Eq. (17) can be justified by noting that reversing time causes spin-currents and spin-voltages to change sign, while charge currents and charge voltages remain invariant, 1 requiring the n α,β factors in Eq. (17) . To show that our conductances satisfy Eq. (17), we first observe that timereversibility conditions for Green's functions requires:
1 The magnetic moment arising due to the spin can be visualized to arise from a microscopic current loop around the electron, with magnetic moment equal to one Bohr magneton, and reversing time reverses this imaginary current loop. where G R is the retarded Green's function matrix, S y is the expanded Pauli spin matrix in the y-direction while T denotes matrix transpose. In Supplementary Information, we start from Eq. (10) and Eq. (18) to prove Eq. (17) .
The spin-transfer-torque conductances are not related to one another with universal reciprocity relations, because the currents and occupations functions are defined at different cross-sections. Fig. (2) shows a possible circuit representation of the terminal conductance matrices that can be readily implemented in SPICE-like circuit simulators. The example is a 2-Terminal structure for simplicity; however, a similar circuit can be implemented for a conductor with any number of terminals. The circuit components that are shown in FIG. (2) are all uniquely defined in terms of the terminal conductances:
VI. GENERAL CIRCUIT REPRESENTATION
making each of these conductances are 4 × 4 matrices. Note that the circuit elements defined in Eq. (19) are generic and can be used with 4-component conductances based on other microscopic theories, such as Scattering Theory. The shunt conductances gs 1 and gs 2 account for differences in spin currents entering and leaving the device whose cc and cs elements are zero, prohibiting charge currents through these conductances. The Voltage Controlled Voltage Sources (VCVS) are required since a physically asymmetric device having a +z magnet on the left and a +x magnet on the right, will "look" different to an incoming spin current from both sides. Similar VCVS elements have been used to describe non-reciprocal circuits of the classical Hall Effect for possible circuit implementations [44] .
For self-consistent magnetization dynamics and transport simulations, the same circuit implementation can be used with spin-transfer-torque conductances that would be supplied to an LLG solver in a SPICE implementation.
VII. FROM HAMILTONIANS TO CIRCUIT MODELS:
A FEW EXAMPLES In general our main result Eq. (10) can be applied once the Green's function for the channel has been calculated, either analytically or numerically for any geometry in a modelindependent manner, with the assumption that the transport can be treated in the elastic, coherent regime. After this step, the obtained conductances can easily be represented as the spincircuit described in Fig. 2 and then efficiently simulated in a SPICE-like simulator like any other charge-based conductor.
In this section we apply Eq. (10) to two model Hamiltonians describing Rashba and Hanle effects respectively. In accordance with Eq. (10), our methodology assumes coherent and ballistic transport, furthermore in the analysis below, we will first assume that the transport is in 1D and then perform a mode summation in real space assuming periodic boundary conditions in the y-direction, as commonly done in device analysis within the NEGF framework [45] .
A. Rashba Spin-Orbit (RSO) Coupling Materials: 1D
The Hamiltonian that describes the Rashba interfaces is given by:
where σ denotes the Pauli spin matrices and H 0 is the Hamiltonian of the unperturbed system and η is the Rashba coefficient in units of J − m. Starting from the fundamental mode for transport, k y = 0, we show that (Supplementary Information) the 4 × 4 conductances describing the system can be written as:
where the conductance matrices (per spin) in 1D (k y = 0) for a Rashba Spin-Orbit (RSO) channel with NM leads can be obtained using Eq. (10): 
G 11 and G 22 are simply the interface conductances due to the ideal NM contacts. G 12 and G 21 read: 
Note that the reciprocity relation is satisfied according to Eq. (17) . The rotation angle is given by:
where m * and L are effective mass and length of the channel and η is the Rashba coefficent and is the reduced Planck's constant, in an effective mass approximation [45] . The 1D results obtained for the G 12 and G 21 conductances are intuitively appealing, since the rotation angle can be related to the product of the angular velocity due to the splitting of the bands due to the 'effective' y-directed magnetic field felt by the electrons due to the Rashba interaction and the time spent in the channel since ω = 2ηk x / and t = Lm * / k x making θ = ωt.
B. Rashba Spin-Orbit (RSO) Coupling Materials: 2D
So far our analysis has been in 1D. However, in a 2D conductor the transport is not limited to the fundamental mode k y = 0. Assuming periodic boundary boundary conditions in the transverse direction, the effect of higher order modes can be summed to obtain an average 2D conductance. In the case of Rashba Effect, the angular spread gives rise to two different effects: (a) The effective field is momentum dependent, making the rotation axis different for each mode (b) The time-of-flight of electrons are different, changing the total time spent in the magnetic field. The second effect can be included to the rotation angle, θ through the length of the channel, L ef f = L/ cos(φ) where φ = tan −1 (k y /k x ), below θ = θ/ cos φ. The first effect can be included by rotating the 1D result around the z-axis by angle φ to obtain the conductance matrices in an arbitrary (k x , k y ) combination as follows: To obtain an average 2D conductance from Eq. (26) shown at the bottom of this page, we need to sum over these modes and average them. We define s = k y /k f so that
The average conductance can be expressed as:
Eq. (27) can be evaluated exactly using the stationary phase approximation [46] is given as:
(28) where we have normalized the conductance with the ballistic conductance (per spin) G B = (q 2 /h) M . We point out that even when the transport is not entirely ballistic, the prefactor can be adjusted based on experimental values of ordinary conductance while the off-diagonal elements capture the essential precession physics as observed in experiments demonstrating the Rashba effect [35] , [36] . Moreover, the ballistic transport assumption can easily be relaxed through including impurity scattering to the Hamiltonian in the NEGF formalism and numerical conductances can still be obtained from Eq. (10), however obtaining simple analytical formulations as shown in 28 may not be possible. In Fig. (3) we compare various entries of this analytical matrix with the exact numerical integration and find that they are in excellent agreement. We have numerically tested all other entries of the matrix and found that they agree as well. We also note that the diagonal entries presented here are also in agreement with the NEGF-based analysis shown in [45] . The 2D result given in Eq. (28) can be used in device models involving Rashba spin-orbit materials, as a modular building block [7] .
C. Hanle Conductances in 2D
Following a very similar analysis for the Hanle Hamiltonian:
We first obtain 1D conductances in presence of a z-directed magnetic field, and then do an analytical mode summation to obtain 2D conductance, G (2D ) 12 : where the rotation angle is given as θ = 2μ B B z / Lm * / |k f | which also be expressed in terms of the angular velocity ω = 2μ B B/ , which is not momentum-dependent, and time of flight, τ = Lm * / |k f |. Unlike the Rashba effect, the magnetic field can be varied between negative and positive values which is reflected in the final result. FIG. 3 shows the diagonal entries of this conductance matrix along with the exact mode summation. The physics of 2D spin-precession captured in this conductance can be used in the analysis of recent experiments that combine the physics of spinHall effect in doped graphene with the Hanle effect [37] . Even though we have assumed the external magnetic field in the +z direction, Eq. (30) shown at the top of this page, can be transformed to any arbitrary direction using an appropriate rotation matrix.
VIII. CONCLUSIONS AND SUMMARY OF MAIN RESULTS
Existing NEGF-based models for charge-based nanoelectronic devices often use the conductance expression, tr. Γ 1 G R Γ 2 G A in the elastic, coherent transport regime. Recent advances in spintronics have raised the possibility of spin potential-driven electronic devices. In this paper:
r We provided conductance expressions involving spin potentials and spin currents generalizing the charge conductance G cc of NEGF-based model [41] .
r We provided "spin-transfer-torque" conductances to be used in self-consistent simulations of magnetization dynamics and spin transport.
r We have shown that these conductances pass critical tests by automatically satisfying universal sum rules and reciprocity relations that must hold irrespective of the details of transport.
r We have represented our results in a generic 4-component circuit to be implemented in SPICE-like simulators towards a unified description of hybrid devices involving existing CMOS and spintronic circuit elements.
r We have applied this formalism (using Eq. (10)) to obtain analytical conductances that describe the Hanle and the Rashba channels in 2D. Finally, even though our analysis here was restricted to the spin degree of freedom, our general methodology can be applied to obtain generalized conductances that would capture other degrees of freedom, such as valley and pseudospin [47] that would bridge their description from quantum transport to ordinary circuits.
